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Contradictions and Isolated Names

• The use of ∃ E often leaves us in a situation in which we derive a pair of contra-
dictory sentences containing a name which is isolated in the current subderiva-
tion.

1 (∀x) ∼ Fx P

2 (∃x)Fx A

3 a Fa A

4 ∼ Fa 1 ∀ E

• We would like to be able to “bring out” the contradiction, to apply ∼ I on step 2
to get ∼(∃x)Fx.

Derived Rules Using ‘⊥’

• To shorten the derivation that we will produce on the next slide, we introduce
two variants of existing rules.

– Negation Introduction (⊥)

X Assumption

. . .

⊥

∼ X ∼ I

– Reductio (⊥)

∼ X Assumption

. . .

⊥

X Reductio
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Justification of Negation Introduction (⊥)

• A derivation rule is justified as a derived rule if there is a schema of a derivation
which does not use the derived rule but yields the effect of using the derived rule.

X Assumption

. . .

⊥ Already Derived

Y ⊥E

∼ Y ⊥E

∼ X ∼ I

Justification of Reductio (⊥)

∼ X Assumption

. . .

⊥

Y ⊥E

∼ Y ⊥E

X Reductio

Application of ∼ Introduction (⊥)

1 (∀x) ∼ Fx P

2 (∃x)Fx A

3 a Fa A

4 ∼ Fa 1 ∀E

5 ⊥ 3, 4 ⊥ I

6 ⊥ 2 3-5 ∃ E

7 ∼ (∃x)Fx 2-9 ∼I (⊥)

Duality

• Derivations can be shortened significantly through the use of four rules which
reflect the duality of the quantifiers.
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• The existential quantifier ‘(∃x)’ could be eliminated in favor of ‘∼(∀x)∼’, and
the universal quantifier ‘(∀x)’ could be eliminated in favor of ‘∼(∃x)∼’.

• The syntax of some systems of Predicate Logic contains only one quantifier sym-
bol, usually the universal.

• It is easy to see the semantic basis for duality.

– Some variant satisfies an open sentence if and only if it is not the case that
all variants do not satisfy that open sentence.

– All variants satisfy an open sentence if and only if it is not the case that
there is a variant that does not satisfy that open sentence.

• Note that this metalogical reasoning itself presupposes duality, though at the
meta-level!

Negated Quantifier Sequences

• The logical equivalences involving negated quantifies we proved earlier in the
term are just variants of duality involving double negation.

– ∼(∀x), ∼ ∼(∃x)∼, (∃x)∼.

– ∼(∃x), ∼ ∼(∀x)∼, (∀x)∼.

– (∀x)∼, ∼(∃x)∼ ∼, ∼(∃x).

– (∃x)∼, ∼(∀x)∼ ∼, ∼(∀x).

• The logical equivalence of sentences which begin with these strings of operators
allows us to introduce four new derived rules.

Negated Quantifier Rules

∼ (∀u)(. . .u . . .) Already Derived

(∃u) ∼ (. . .u . . .) ∼ ∀

∼ (∃u)(. . .u . . .) Already Derived

(∀u) ∼ (. . .u . . .) ∼ ∃

(∃u) ∼ (. . .u . . .) Already Derived

∼ (∀u)(. . .u . . .) ∃ ∼

(∀u) ∼ (. . .u . . .) Already Derived

∼ (∃u)(. . .u . . .) ∀ ∼
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Justification of ∼ ∀

• In this and the following schematic definitions, ‘(. . .s. . .)’ is a substitution in-
stance of ‘(∀u)(. . .u. . .)’ or of ‘(∃u)(. . .u. . .)’ (see page 33).

(∃u) ∼ (. . .u . . .) Already Derived

∼ (. . . s . . .) A

(∀u)(. . .u . . .) A

(. . . s . . .) ∀E

∼ (. . . s . . .) R

∼ (∀u)(. . .u . . .) ∼E

∼ (∀u)(. . .u . . .) ∃E

Justification of ∃ ∼

∼ (∀u)(. . .u . . .) Already Derived

∼ (∃u) ∼ (. . .u . . .) A
s ∼ (. . . s . . .) A

(∃u) ∼ (. . .u . . .) ∃ I

∼ (∃u) ∼ (. . .u . . .) R

(. . . s . . .) Reductio

(∀u)(. . .u . . .) ∀I

∼ (∀u)(. . .u . . .) R

(∃u) ∼ (. . .u . . .) Reductio

Restrictions on Use of Negated Quantifier Rules

• The Negated Quantifier rules, like the derived rules for Sentence Logic in this
text, apply to whole sentences only and not to their internal parts.

• They could be used as rules of replacement within sentences, but this makes
proving their soundness more difficult.

• Although the use of these rules makes many derivations easier, it is frequently
the case that derivations that do not use them are more elegant and yield more
insight into why the conclusion follows from the premises.
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